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I. INTRODUCTION
Synchronization phenomena are of fundamental importance for many physical, biological, and technical systems. Since the pioneering work by Fujisaka and Yamada 1], Pikovsky 2] , and Afraimovich, Verichev and Rabinovich 3] it is known that even chaotic systems may synchronize. This aspect of nonlinear dynamics became an issue of great interest when Pecora and Carroll demonstrated synchronization of uni-directionally coupled chaotic systems 4] and suggested potential applications in communication systems. First examples of encoding methods based on chaos synchronization were presented in Refs. 5] using electronic circuits. Since many modern communication devices are opto-electronic or all optical in this paper we address the question of chaos synchronization of unidirectionally coupled laser systems. Synchronization of chaotic lasers has rst been shown experimentally and numerically for Nd:YAG and CO 2 lasers 6] . Recently, synchronization of chaotic erbium-doped ber ring lasers has been shown experimentally and numerically 7]. Of special interest in optical communication, however, is the semiconductor laser (SL), mainly due to its size and its possibility to be easily modulated 8] . A communication scheme based on synchronization of chaotic laser diodes with electro-optical feedback has recently been implemented experimentally 9].
External cavity semiconductor lasers (ECSLs) have been a subject of extensive research 10] during the last 15 years because of the importance of optical feedback phenomena in technical applications like optical data storage or optical ber communications. In most of these cases, the e ects of optical feedback are tried to be avoided. A typical e ect due to feedback are low frequency uctuations (LFF), which can be observed for moderate feedback and low pump current. This phenomenon has attracted considerable interest during the last few years. In particular, the question whether the underlying dynamics is (mainly) a stochastic process or governed by a chaotic attractor has been discussed very controversely 11{14]. The numerical simulations presented in the next section, which are based on deterministic model equations, show that the LFF dynamics correspond to a very high-dimensional chaotic attractor. This observation, together with recent experimental results 15] corroborating the deterministic model, indicates that LFF are essentially a hyperchaotic deterministic process. Because of the high-dimensional attractor, the LFF signal is very di cult to distinguish from a stochastic signal.
In the following sections synchronization of ECSLs in the LFF regime is investigated by numerically solving the usual rate equations. Synchronization of ECSLs has previously been studied numerically using di erent coupling schemes 16, 17] . The synchronization scheme employed in our simulations is similar to but di erent from that used in Ref. 16 ]. In particular, we consider a coupling that in principle allows perfect synchronization and also works if the driven laser does not possess an external cavity which makes it easier to implement the scheme experimentally. Furthermore, the e ects of parameter mismatch between both coupled lasers are studied in terms of unstable c.w. solutions embedded in the chaotic drive attractor.
II. HYPERCHAOTIC LASER DYNAMICS
The schematic setup of an ECSL is shown in Fig. 1 . Light from the SL is re ected by the mirror and reinjected into the laser cavity.
To model the rst ECSL, we use the well-known Lang-Kobayashi equations 18] for the complex electric eld amplitude E(t) (just behind the right laser facet) and the carrier number N(t). These equations are generally considered to give a valid approximation of a single mode SL with weak to moderate optical feedback from an external resonator. Writing E(t) = E 0 (t) expfi ! 0 t + (t)]g, splitting the complex equation for E(t) into two real ones for the real amplitude E 0 (t) and the slowly varying phase (t), and using the carrier number above the value for the solitary SL (without an external resonator), n(t) = N(t)?N sol , these equations read 19, 13] d dt As can be seen, the system is hyperchaotic for both values = 10 10 s ?1 and = 10 11 s ?1 that were used for calculating the time series shown in Fig. 2 .
In order to characterize the dynamics of the LFF in more detail the spectrum of the 150 largest Lyapunov exponents is shown in Fig. 4 for = 10 11 s ?1 . As can be seen, the rst 150 exponents are positive or vanish. The Lyapunov dimension of the LFF attractor is thus larger than 150.
III. UNIDIRECTIONALLY COUPLED SEMICONDUCTOR LASERS
The synchronization arrangement assumed for the simulations presented in this paper is shown in Fig. 5 . It consists of two external cavity semiconductor lasers that are coupled unidirectionally via an optical diode, which can be realized experimentally using a Faraday isolator. In a real experimental situation, variable attenuators would be necessary to control feedback and coupling strengths. Coherent light from the rst external cavity SL, the drive system, is injected into the second external cavity SL, the response system.
The light that is injected into the second system through coupling is included in the equations in a similar way as the light coming from the external resonator. This approach is widely used to describe the e ects of coherent light injection into semiconductor 
where is the coupling strength and c is the time the light needs to travel from the right facet of the rst SL to the right facet of the second one. Note the di erence between E 0 (t), (t) and e E 0 (t), e (t), describing the electric elds in the drive and the response lasers, respectively.
Synchronization is possible if there exists a solution of (1){ (3) and (4) 
This condition can be realized by adjusting the coupling and feedback strengths. Equation (7) includes the possibility of the response system consisting of a solitary SL, i.e. e = 0 s ?1 ; in this case the feedback strength of the rst system and the coupling strength have to be equal, = .
IV. SYNCHRONIZATION OF IDENTICAL LASERS Equation (7) provides a necessary condition for synchronization; it does not tell, however, anything about the stability of the synchronized solution. Therefore Eqs. (1){(3) and (4){ (6), which include delay di erential equations, have to be solved numerically. Figure 6 shows the results for = 10 Figs. 2 and 3) . Plotted are the electric eld amplitudes E 0 (t) and e E 0 (t) for the drive and the response laser, respectively, as well as the synchronization error which is de ned as
where hE 0 (t)i is the temporal average of the electric eld amplitude of the drive laser.
At t = 25 , the coupling is switched on. Synchronization occurs after some transient time. The electric eld amplitude of the response laser then follows the amplitude of the 
V. SYNCHRONIZATION OF NONIDENTICAL LASERS
Since in practice no lasers are identical, those parameters of the response laser that cannot be adjusted (i.e. G N , , , ?, and C sp ) have been varied randomly within 1:0 % di erence from the drive laser values. Figure 7 shows a typical result. As expected, no perfect synchronization is achieved, but over long times the systems synchronize in a less perfect way. During the intensity breakdowns, however, the systems desynchronize. Synchronization is regained when the electric eld amplitude rises again. This can also be seen in Fig. 8 where the amplitude e E 0 (t) of the response laser is plotted vs. the amplitude E 0 (t ? t) of the driving laser shifted in time. Perfect synchronization would lead to a motion along the diagonal but here deviations (\excursions") occur mainly for small values of the driving amplitude E 0 .
The desynchronization during the intensity breakdowns does not a ect their joint occurrence. Figure 9 shows the time traces of the intensity P (t) = E 2 0 (t) that would be observed in an experimental situation using a photodiode with nite detection time; the original amplitude traces from Fig. 7 have been squared and averaged over 5 ns. On a \macroscopic" scale the systems synchronize quite well, including the occurrence of the intensity breakdowns. Their intensities di er, however, on a \microscopic" scale.
VI. UNSTABLE PERIODIC ORBITS
Short events of desynchronization like those shown in Fig. 7 are typical for weakly coupled systems in the presence of noise or parameter mismatch 23]. The origin of this so-called bubbling phenomenon are unstable invariant subsets (like unstable xed points (UFPs) or unstable periodic orbits (UPOs)) of the drive attractor which fail to entrain the corresponding xed point or periodic orbit of the response system. When driven with one of these UFPs or UPOs the response system does not synchronize but oscillates in a di erent way than the drive. In the joint state space of drive and response these UFPs and UPOs are transversally unstable, i.e. in their vicinity the manifold containing the synchronized dynamics is repelling and not attracting. Whenever an (almost) synchronized trajectory comes close to a transversally unstable UFP or UPO it is repelled from the synchronization manifold and synchronization breaks down for a short period of time until the trajectory (re)enters a region where the synchronization manifold is attracting again. This mechanism explains also the intermittent character of the desynchronization bursts shown in Fig. 7 . In order to investigate this source of synchronization breakdown for the coupled laser system we have studied the transversal (in)stability of unstable xed points (i.e., c. 
The process of LFF has been explained in the following way 12, 13] . During the intensity buildup phase, the system oscillates in the vicinity of the (unstable) foci. From time to time, it moves from one focus to the next, preferably in the direction of decreasing values of s . At some point, the system comes too close to a saddle point and is carried away by its unstable manifold. This leads to an intensity breakdown, after which the buildup phase recommences.
To investigate the hypothesis that unstable periodic orbits might be the reason for the loss of synchronization during the intensity breakdowns, we used stationary solutions (which are xed points of the system (E 0 ; ; n)) of the drive system to drive an identical response system. For this task, the value of s was calculated by numerically solving Eq. (9), then the value for E s 0 from Eq. (10) and the phase (t) = s t= were used as drive variables in Eqs. (4){(6). The parameters were the same as in Sec. IV. The systems synchronize when an unstable focus is used to drive the response system, as can be seen in Fig. 10a . When a saddle point is used as a drive, however, no synchronization is achieved (cf. Fig. 10b ). In this case the response system also generates c.w. output, but at a di erent value of the electric eld amplitude e E 0 (t).
When the system comes too close to a saddle point, two independent events take place: First, the average intensity of the drive system breaks down and the value of the inversion n(t) increases very rapidly due to the saddle node instability. Second, the synchronization between the drive and the response systems is lost because of the desynchronizing property of the saddle point. When the drive system has left the vicinity of the saddle point, synchronization is regained. Since the unstable foci do not have that desynchronizing property, they are of no danger for the synchronization. This mechanism also explains the occurrence of desynchronization events at low drive intensities P (see Figs. 7 and 8) , because all unstable c.w. solutions have amplitudes E s 0 < 3 arb: units] as can be computed using Eq. (10).
VII. CONCLUSION
In this paper we have presented numerical simulations of synchronizing hyperchaotic semiconductor lasers which are unidirectionally coupled by their electric elds. For perfectly identical lasers the synchronization error converges to zero very rapidly, but (slight) parameter mismatch leads to intermittent breakdown of the synchronization, i.e. the difference of the electric eld amplitudes of drive and response lasers becomes rather large for short periods of time. The main reason for these desynchronization events is the existence of transversally unstable c.w. solutions which are embedded in the chaotic attractor. Although these results indicate that one may not obtain \high-quality" synchronization in experimental implementations (where noise and parameter mismatch are unavoidable) such a setup nevertheless may be useful for practical applications, because the synchronization breakdowns coincide with intensity breakdowns. Therefore, the envelope of the intensity uctations of the driving laser is well reproduced by the response laser even in the case of parameter mismatch and despite the very high dimension (d > 150) of the underlying chaotic attractor. If this envelope is of importance (for example in a chaos-based communication system) then the \low-quality" synchronization observed with parameter mismatch may be su cient. The parameters of the lasers are given in Table I and are assumed to be exactly the same for both systems with a coupling given by = 10 11 s ?1 , e = 10 10 s ?1 , and = 9 10 10 s ?1 . 
